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1 Abstract
2 .
Problem 1.1 $G$ ( ) reductive Lie grouP, $P$ parabolic
subgroup, $KkG\sigma\supset$ involutive subgroup $k\text{ },$ $\overline{\mathcal{O}}\text{ }G/P\sigma\supset K$-orbit $\sigma$) closure
. cohomology $[\overline{\mathcal{O}}]\in H^{*}(G/P)$ .
Problem 12 $G,$ $P,$ $K$ $B$ Borel . $\mathcal{O}$ $G/P$
$K$-orbit $X_{w}$ $G/P$ $B$-orbit . $\mathcal{O}\cap X_{w}$
, Lie
.
2 . Problem 12
Problem 23 .
.
2 Determinantal variety degree
determinantal variety( $=\mathrm{d}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{y}$ locus, rank variety.. ) degree
. .
2.1 hidden symmetry($\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ )
$.\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathrm{c})$ $n$ , $0\leq r\leq n$ $\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})_{r}=$
{ $A\in \mathrm{s}_{\mathrm{y}\mathrm{m}}(n,$ $\mathbb{C})|$ rank $(A)\leq r$ } . ( )
determinantal variety . $\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$ $GL(n, \mathbb{C})$
, $P_{S}=GL(n, \mathbb{C})\ltimes \mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})$ affine
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. $GL(n, \mathbb{C})$ $\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$ $n+1$
deterninantal variety $GL(n$ , C$)$ - .
$\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathrm{c})$ $LGr_{n}(\mathbb{C}^{2n})$ .
$2n$ symplectic vector space $(\mathbb{C}^{2n}, \omega)$ Lagrangean
( $=\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}$ isotropic) subspace $LGr_{n}(\mathbb{C}^{2n})$ Lagrangean Grass-
mannian . $LGr_{n}(\mathbb{C}^{2n})$ $Sp(2n, \mathbb{C})$ ,
$-$ Siegel parabolic subgroup $Ps\subset Sp(2n, \mathbb{C})$ .
$LGr_{n}(\mathbb{C}^{2n})=Sp(2n, \mathbb{C})/P_{S}$ . $P_{S}$
$Sp(2n, \mathbb{C})$ (Bruhat ) , $LGr_{n}(.\mathrm{c}^{2n})$ $P_{S}$
, $\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$ .
, $A\in \mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})$ , $\in M(2n, n, \mathrm{c})$
$\ell_{A}\in LGr_{n}(\mathbb{C}^{2n})$ , \epsilon . $n=1$
$\mathbb{C}$ – compact Riemann $\mathbb{C}P^{1}$ .
compact ( ) .
$\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})$ $P_{S}$ compact $LGr_{n}(\mathbb{C}^{2n})$
, $Sp(2n, \mathbb{C})$ . $Sp(.2n.’ \mathbb{C})$
$\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})$ , ,
Lie $(2n, \mathbb{C})$ $\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathrm{c})$ .
$n=1$ , $\mathrm{S}\mathrm{y}\mathrm{m}(.1,.\mathbb{C})$ Gauss $\mathbb{C}$ , $P_{S}$
. $P_{S}$ $Sp(2, \mathbb{C})=SL(2, \mathbb{C})$
$\mathbb{C}$ 1 ,
, Lie $s\iota(2, \mathbb{C})$ $\mathbb{C}$ vector field . $\mathbb{C}$ Riemann
$\mathbb{C}P^{1}=\mathbb{C}\cup\{\infty\}$ compact ,
. $\mathbb{C}P^{1}=SL(2, \mathbb{C})/P_{S}$ . . $\cdot$
$P_{S}$ $\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})$ ,
, $\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$ compact












$LGr_{n}(\mathbb{C}^{2n})$ Grassmann $Gr_{n}(\mathbb{C}^{2n})$ . $Gr_{n}(\mathbb{C}^{2n})$
$GL(2n, \mathbb{C})$ , $LGr_{n}(\mathbb{C}^{2n})$ $Sp(2n, \mathbb{C})$
( ) . compact , $-$
.
$E”arrow Gr_{n}(\mathbb{C}^{2n})$ $Gr_{n}(\mathbb{C}^{2n})$ tautological bundle . total
space $\text{ }$
$E”=\{(\ell, \xi)\in Gr_{n}(\mathbb{C}2n)\cross \mathbb{C}^{2n}|\xi\in\ell\}$
, 1 $Gr_{n}(\mathbb{C}^{2n})$ . $E”$ incidence
variety([10] I3) twistor space – , Radon-
Penrose $([11] \mathrm{p}72 --[1]\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{a}\mathrm{C}\mathrm{e}\mathrm{x})$ . ( 3
graded Lie algebra [2], [3] . ) $-$






vector bundle $\pi$ : $Earrow M$ $E_{x}=\pi^{-1}(x)$ $x\in M$
fiber . $E_{x}$ 2 $S^{2}(E_{x})$ , $S^{2}(E_{x})$ $x\in M$
fiber vector bundle $S^{2}(E)arrow M$ . $E^{\vee}arrow M$ $E$
dual bundle . $\mathbb{C}^{2n}$ – $Q$
$Q( \xi, \eta)=\sum(\xi i\eta_{i}+n+\xi_{i}+n\eta i)i=1$
. $S^{2}(E^{N})arrow Gr_{n}(\mathbb{C}^{2n})$ section $\sigma^{u}$
$\sigma:(\ell, \xi, \eta)\vdash*Q(\xi, \eta)$ , $\xi,$ $\eta\in\ell$
. $\sigma’’$ $LGr_{n}(\mathbb{C}^{2n})$ section $\sigma’$ . $LGr_{n}(\mathbb{C}^{2n})arrow$
$S^{2}(E’)$ ( ). ..$\cdot$ . $\cdot$
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$\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})$ rank $n$ vector bundle $E$ . $E=\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})\cross \mathbb{C}^{n}$
. vector bundle $S^{2}(E^{})$ { $\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C}. )\cross.\mathrm{s}_{\mathrm{y}}.\mathrm{m}(n, \mathbb{C})_{:.:}.\text{ }-$ .
$(A, B)\in \mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})\cross \mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathrm{c})$ , $..=$ .
$S^{2}(E)’\ni(A, v, v.)’\vdasharrow {}^{t}v’Bv\in \mathbb{C}$
.
$Z_{r}(\sigma’)=$ { $\ell\in LGr_{n}(\mathbb{C}^{2n})|$ rank ( ) $\leq r$ } . $=\sigma’(\ell)\in$
$S^{2}(E_{l^{\mathrm{v}}}’)=S^{2}(\ell^{*})$ $n$
( ) . $S^{2}(\ell*)\subset Hom(\ell, \ell^{*})$
. , $LGr_{n}(\mathbb{C}^{2n})$
$Z_{r}(\sigma’)\mathrm{n}\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$ $\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$ $\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})_{r}$ $-$
. $Gr_{n}(\mathbb{C}^{2\dot{n}})$ $Z_{r}(\sigma’’)\mathrm{n}\cdot \mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$
$\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})$ $\mathrm{S}\mathrm{y}\mathrm{m}(n, \mathbb{C})_{r}$ – . $\mathbb{C}^{2n}$
$Q$ $O(Q)$ . $O(Q)$ $GL(2n, \mathbb{C})$ involutive
(involution ) . :
Lemma 2.1 $Z_{r}(\sigma^{n})$ O(Q)- .
$Gr_{n}(\mathbb{C}^{2n})$ $O(Q)$- . – , compact
$G/P$ involutive
( [16], Rossmann [24], Vogan [26]).
Problem 22 (Problem 1.1) $G$ ( ) reductive Lie group,
$P\text{ }$ parabolic subgroup, $K\xi G\sigma\supset$ involutive subgroup $\text{ },$ $\overline{\mathcal{O}}\xi G/P\sigma$)
K-orbit closure . cohomology $[\overline{\mathcal{O}}]\in H^{*}(G/P)$ .
Grassmanh $G_{d}(\mathbb{C}^{N})$ cohomology $H^{*}(G_{d}(\mathbb{C}^{N}))$ ,
Schubert calculus ,
([6], [15]) , ([7]) .
$H^{*}(G/P)$ , Schubert variety $\mathrm{Y}_{\lambda}$
. , ,
. , $G_{d}(\mathbb{C}^{N})$ (intersection). .,-., $:\cdot,$
$.\cdot$
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Problem 23(Problem 12) $G,$ $P,$ $K$ $B$ Borel
. $\mathcal{O}$ $G/P$ $K$-orbit $X_{w}$ $G/P$ $B$-orbit .
$\dot{\mathcal{O}}\cap X_{w}=\emptyset$ . $\emptyset$ (
, Euler-Poincar\’e ) . . $\cdot$
. , $K$
$B$ , Bruhat .
Weyl . , 2
, 3
$B$ $K$
. ‘ ’ $B$ $K$
. , , (




. $G=GL(2n, \mathbb{C})$ ,
$P=\{\in G|A, B, D\in M(n, \mathbb{C})\}$
Siegel parabolic , $G$-manifold $LGr_{n}(\mathrm{c}^{2n})=G/P$ . $G$
involutive subgroup $K$
$O(Q)=\{g\in c|Q(g\xi, g\eta)=Q(\xi, \eta),\forall\xi, \eta\in \mathbb{C}^{2}n\}$
, $K$ $G$-conjugate Problem 22
, $K$ ( 2 ) .
, $G/P=Gr_{n}(\mathbb{C}^{2n})$ $B$-orbits . $\mathbb{C}^{2n}$
$V_{2n}$ , flag $V$ : $V_{1}\subset\cdots\subset V_{2n-1}\subset V_{2n}$ – .
$\ovalbox{\tt\small REJECT}$ $k$ $0$ vector . flag
$G$ , – $G$ Borel
subgroup . $\lambda$ $n\cross n$ .
$n\geq\lambda_{1}\geq\cdots\geq\lambda_{n}\geq 0$ .
$\mathrm{Y}_{\lambda}^{\mathrm{O}}=$ { $L\in Gr_{n}(\mathbb{C}^{2n})|\dim(L\cap V_{j})=i$ for $n+i-\lambda_{i}\leq j<n+i+1-\lambda_{i+1}$}
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Schubert cell,
$\mathrm{Y}_{\lambda}=$ { $L\in Gr_{n}(\mathbb{C}^{2n})|\dim(L\cap V_{n+i-\lambda:})\geq i$ for $1\leq i\leq n$}
Schubert variety . $Y_{\lambda}^{\mathrm{o}}$ Borel
. $\mathrm{Y}_{\lambda}$ (
) $| \lambda|=\sum\lambda_{i}$ . $[\mathrm{Y}_{\lambda}]\in H^{2|\lambda|}(Grn(\mathbb{C}^{2n}))$
$H^{*}(Gr_{n}(\mathbb{C}^{2n}))$ $\mathbb{Z}$ . Bruhat $B\backslash G/P$ $W/W_{P}$






$\leq n\}=\{i\mathrm{l}, i_{2}, \ldots, i_{n}\}=\{w(i)|1\leq i\leq n\}$
. $\{1, 2, \ldots, n\}$ ( – ) closed $B$-orbit , $\{n+$
$1,$
$\ldots,$ $2n-1,2n\}$ ( – ) open $B$-orbit . $Y_{\lambda}$
$(i_{1}-1)+\cdots+(i_{n}-n)$ . closure relation $\mathrm{Y}2$ $\subset\overline{Y_{\lambda’}}\Leftrightarrow i_{1}\leq i_{1}’,$ $\ldots$ , $i_{n}\leq i_{n}’$ .
$G/P=cr_{n}(\mathbb{C}^{2n})$ $K=O(Q’)$-orbits . $Q’$
$\mathbb{C}^{2n}$ 2 $O(Q’)$ . $0\leq r\leq n$
$O_{f}$. $=$ { $\ell\in Gr_{n}(\mathbb{C}^{2n})|$ rank $(Q’|\ell)=r$ }
$=$ {$gP\in G/P|$ rank $(^{t}gQ’g$ $n$ $=r$ },
$O(Q’)$-orbit ,
$r=$ { $\ell_{\in}Grn(\mathbb{C}^{2n})|$ rank $(Q’|\ell)\leq r$ }
$=$ {$gP\in G/P|$ rank ( $gQ’g$ $n$ ) $\leq r$ },
. , $\mathcal{O}_{r}\subset\overline{\mathcal{O}_{r’}}\Leftrightarrow r\leq r’$
. , $\mathcal{O}_{0}$ $\mathcal{O}_{n}$ .
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Theorem 2.4 $G=GL(m, \mathbb{C}),$ $K=O(m, \mathbb{C}),$ $P$ ea Siegel parabolic $-C,$ $B$ #a-b
.
(1) $\overline{\mathcal{O}_{r}}\cap Y_{\lambda}\neq\emptyset\Leftrightarrow i_{r+1}-(r+1)\geq 1,$ $\ldots,$ $i_{n}-n\geq n-r$
$\Leftrightarrow\lambda_{r+1}\leq n-1,$
$\ldots,$
$\lambda_{n-1}\leq r+1,$ $\lambda_{n}\leq r$ .
(2) transverse. ..
(3) $\lambda$ (1) , $|\overline{\mathcal{O}_{r}}\cap Y_{\lambda}|=2^{n-r}$ .
(4) $H^{*}(Gr_{n}(\mathbb{C}^{2n}))$ ( Chow ), $[\overline{\mathcal{O}_{r}}]=$
$2^{n-r}[Y\rho(n-r)]$ .
$-$
$\rho(n-r)$ $:=(n-r, n-r-1, \ldots, 1,0, \ldots, 0)$ ? (1)
$\lambda=$ $(n, \ldots, n, n-1, \ldots , r+1, r)\text{ }.(n^{n})$ complememt
.
25 Degree
determinantal variety degree .
Schubert calculus , Schubert class $[Y_{\lambda}]$ dual tautological
bundle $E^{}$ Chern class $c_{i}=c_{i}(E^{})$ , Jacobi-
Trudi ; elementary symmetric function Chern class
, Schur Schubert class . class $[\overline{\mathcal{O}_{r}}]$
$2^{n-r}\det$
. – $M$
-k $\sigma\supset$ rank $nU$) vector bundle $E\sigma\supset$ generic $\gamma_{X}$ symmetric map $f$ : $Earrow E^{\vee}\sigma$)
degeneracy locus cohomology .
$\mathrm{s}_{\mathrm{y}\mathrm{m}}(n, \mathbb{C})$ determinantal variety ,
$f \in Hom(\mathcal{O}(\mathrm{o})\oplus n, \mathcal{O}(0)^{\oplus n})\cong Hom((\mathcal{O}(\frac{1}{2})^{\oplus}n)^{\mathrm{v}}, \mathcal{O}(\frac{1}{2})\oplus n)$
, $E^{}=O( \frac{1}{2})^{\oplus}n$ . total Chern class $\sum$ $ci=$
)) =[H(]l(n+-r)-2l(n[H-r]\dotplus )nl)/ ( (nc-ir+$=2^{-i}[H]^{i}1$) $(^{\mathrm{p}\mathrm{S}\mathrm{y}}\mathrm{m}(n,\cdot \mathbb{C}))>$
, degree . , $[H]$
hyperplane $H$ cohomology class $\in H^{2}$ , $[H]$ class
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. (Giambelli [8] ) .
[9] . [7] Lascoux
$\text{ }..[14]$ Example I3.10 . ,
determinantal variety degree $(\mathrm{c}.\mathrm{f}. [23])$ , unipotent
associated variety Bernstein degree (Nishiyama, Taniguchi.
, , – [18] $)$ . ..
3 A character $\mathrm{f}\mathrm{o}\Gamma \mathrm{m}\mathrm{u}\mathrm{l}\prime \mathrm{a}$ of standard Harish-Chandra mod-
ules
real reductive group standard Harish-Chandra module
( $=\mathrm{a}\mathrm{d}\mathrm{m}\mathrm{i}_{\mathrm{S}\mathrm{S}}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ ) Problem 23 . $G$
reductive group , $G_{\mathbb{R}}$ real form . involutive subgroup
$K$ K\cap G G compact ( $K$
– ). $.G/P$ complete flag variety, $P$
Borel subgroup . $G/P$ $K$-orbit $B$-orbit
, -K $B$ .
$K$-orbit , $B$-orbit exponent parametrize , $B$ $K$
Cartan subgroup
.
infinitesimal character $\chi_{\lambda}\mathrm{B}\grave{\grave{\mathrm{a}}}$ regular integral $fX$ admissible $(\mathrm{g}, K)$-module es
$G/P$ K-equivariant local system parametrize . (Beilinson-
Bernstein Riemann-Hilbert ) $G/P$ $K$-orbit $\mathcal{O}$
, $\mathcal{O}$ ( ) proper direct image $G/P$ K-equivariant
perverse sheaf Harish-Chandra module $std(\mathcal{O}, \lambda)$
. (distribution character) .
.
$\theta_{-\mathrm{S}\mathrm{t}\mathrm{a}}\mathrm{b}\mathrm{l}\mathrm{e}$ Cartan subgroup . $\theta$ $K$ $G$
involution(Cartan involution). –
char $(Std(S, \lambda))|csc=\frac{\sum_{w\in W}(-1)^{l}(w)awe^{w\lambda}}{\prod_{\alpha\in\Delta}+(e^{\alpha//2}2-e-\alpha)}$
159
Weyl . $a_{w}$
Cartan subgroup $csc$ 1 , $a_{w}$
Cartan subgroup regular part
. , CSG
regular part $w\in W$ $a_{w}$
. real reductive
$\theta$-stable Cartan $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u},\mathrm{p}$ positive Borel
, .
char $(std(S, \lambda))|_{c}sc-=\frac{\sum_{w\in W}(-1)^{\iota(w)\mathit{0}_{\chi(\cap}}+codimxww0\mathcal{O})e^{w\lambda}}{\prod_{\alpha\in\Delta}+(e\alpha/2-e-\alpha/2)}$.
, ([13], [25]) – , [22]
.
, $CSG^{-}$ Cartan subgroup ‘negative Part’.
standard distribution character $CSG^{-}$ .
, positive root Weyl denominator
. $e^{w\lambda}$ ( $csc^{-}$ )
Weyl $w\in W$ . $G/P$ $K$-orbit $\mathcal{O}$
B-orbit $X_{ww_{0}}$ . $w_{0}\in W$ longest element. $l(w)$ $w$
. codim $Z$ $Z$ $G/P$ ( ) . $\chi(Z)$ $Z$ Euler-Poincar\’e
$\sum(-1)^{k}\dim Hk(z)$ .
standard module 2 Euler-Poincar\’e
. [20], [21] .
Euler-Poincar\’e
. $\mathrm{F}_{q}$ , $q$
, $q$ $=1$ Euler-Poincar\’e .
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